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The authors appreciate the discussers' interest in the
technical paper and applaud their effort to adopt a fundamental
approach towards particle breakage. The discussers dismiss the
notion that particle breakage occurs during shearing and
compression under higher stresses while breakage is negligible
at lower stresses. They propose using the total plastic work,
consumed in the consolidating and shearing of samples, to
quantify breakage. They also propose a work threshold for the
initiation of particle breakage.
The authors believe that the proposed approach for using
the total plastic work to quantify particle breakage has serious
shortcomings and should be avoided in its proposed form. The
idea of a work threshold for the initiation of breakage appears
to be contrary to the accepted norms of solid mechanics in
using stress (or strain) criteria for yielding and failure.
However, the concept of a work threshold has been, and can
be, appropriately applied to particle breakage if the work
consumed in the breakage is adequately separated from that
associated with friction and dilatancy. Arguments related to the
discussers' approach are presented herein. A proposed method
follows for calculating and using work to quantify particle
breakage. Finally, some of the other comments made by the
discussers are addressed.10.1016/j.sandf.2014.12.019
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der responsibility of The Japanese Geotechnical Society.2. Existence of stress threshold for particle breakage
The paper does not suggest that breakage would not occur
under isotropic compression, shearing under constant mean
effective stress, or cyclic loading. Neither does it imply that
further straining would not cause additional breakage. Instead,
it suggests that for “detectable” breakage to occur under any of
these circumstances, a mean effective stress threshold has to be
surpassed. We consider this evident for the majority of soils
tested under lower stress conditions ranging up to a few
hundred kilopascals (e.g., Yamamuro and Lade, 1996). The
monotonic and cyclic laboratory testing performed on quartz-
dominated natural sands has seldom resulted in noticeable
particle breakage. The discussers reference work on carbonate
sands, crushed granite, and railway ballast to point out that
breakage can occur at moderate stress levels. The authors
believe that the concept of a stress threshold for breakage is
equally applicable to these materials. They may just have a
lower threshold due to their morphology and angular
particle shape.3. Application of work for quantifying particle breakage
The literature is conclusive on the fact that particle breakage,
when occurring, consumes a maximum of 10–15% of the total
plastic work input into a soil sample; the rest is dissipated in
friction and dilatancy (Ueng and Chen, 2000; McDowell et al.,
2002; Russell, 2011). The idea of using a quantity that isElsevier B.V. All rights reserved.
Table 1
Properties of Fraser River Sand
Property Value Remark
Plasticity
Mtc 1.45
N 0.425
Elasticity
A 375 G
pref
¼ A
e enminð Þ U
p'
pref
 b
where pref ¼ 100 kPab 0.466
enmin 0.344
ν 0.2 Poisson's ratio, 0.2 adopted as “reasonable”
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Fig. 1. Sum of mobilized friction ratio (M) and mobilized breakage ratio (B)
versus state parameter based on virgin critical state line (ψn); example results
from tests on Fraser River Sand.
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breakage is fundamentally ﬂawed. Many cases can be considered
where total work may fail to correlate with particle breakage,
including cyclic shearing at low stresses (e.g., for natural quartz
sands), where many cycles can amount to signiﬁcant total work
without incurring detectable particle breakage.
Using a total plastic work threshold for the initiation of
breakage also has some practical drawbacks. Establishing a
reference point for calculating the total work put into a sample
is difﬁcult. In the method employed by the discussers, the
work put into the sample to reach a certain density during
sample preparation is not taken into account. Consequently,
the work attributed to the consolidation stage is much smaller
in dense samples compared to loose samples, because loose
samples deform more to reach identical stress levels. In reality,
though, dense samples potentially absorb more work to reach a
more compact state at the same stress levels.
While the total plastic work cannot be used to quantify
particle breakage, the work consumed for fracturing the
particles, resulting in the creation of new surface area and a
change in the gradation, can be used to detect and quantify
breakage. In writing constitutive equations, the work con-
sumed by breakage has been identiﬁed by an additional term
alongside those related to friction and dilatancy (e.g.,
Gerogiannopoulos and Brown, 1978; McDowell et al., 1996).
The plastic work applied to the unit volume of soil (the
discussers Eq. (3)) can be written more generally as
δWp ¼ p'_εpvþq_εpq ð1Þ
where _εpv and _ε
p
q are the plastic components of the volumetric
and deviatoric strains, respectively, and can be calculated from
the total strains when the elastic moduli are known. The work
dissipation equation can be written for the unit volume of soil as
δWp ¼Mp'
_εpq
þNp'_εpvþ _Eb ð2Þ
The ﬁrst RHS term is the work dissipated in friction familiar
from Cam-Clay (Schoﬁeld and Wroth, 1968). The second term,
discussed by Jefferies (1997), is a plastic potential term that
represents work dissipation or storage depending on the sign of
_εpv . N is the volumetric coupling parameter introduced by Nova
(1982). M is the mobilized stress ratio; it takes an ultimate value
at the critical state represented by Mtc in triaxial compression
conditions. _Eb is the energy dissipated in the breakage through
the creation of new surface area for the unit volume of the soil
and has the units of stress. Deﬁning a mobilized breakage ratio
B as
B¼
_Eb
p'
_εpq
 ð3Þ
one can work out the term MþB by combining Eqs. (1)–(3) as
MþB ¼ p'_ε
p
vþq_εpqNp'_εpv
p'
_εpq
 ð4Þ
All of the terms for the RHS of Eq. (4) can be calculated for
the drained triaxial compression tests performed on Fraser
River Sand (FRS) samples assuming that the properties(summarized in Table 1) remain unchanged for the amount
of particle breakage observed in the current work. MþB are
calculated for four example tests and plotted against the state
parameter (calculated with respect to the “virgin” critical state
line) in Fig. 1. The mobilized friction ratio of the loose sample,
being tested at low stresses, reaches the critical state friction
ratio (Mtc ¼ 1:45 for FRS) at the same time it reaches the
critical state (ψn ¼ 0) and does not exceed it. The dense test at
low stresses reaches the critical state friction ratio early on and
plateaus at the critical state friction ratio, again not exceeding
it. The two tests at high stresses do exceed the critical state
friction ratio into the part identiﬁed by the mobilized breakage
ratio, B.
The breakage ratio is mobilized in the loose test just as the
sample reaches its virgin critical state. In the dense sample, it is
mobilized at the end of the initial contraction phase. Both these
observations conﬁrm the hypothesis presented in the paper
regarding the condition on contraction due to sliding and
rolling. Increments in breakage energy _Eb can be calculated
where B is mobilized using Eq. (3), and summed over the
entire test to calculate the total work consumed by breakage.
Fig. 2 shows the relation between the work consumed in
breakage Eb and the change in the ﬁnes content. 16 of the tests
with small or negligible breakage showed small Eb values. The
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Fig. 2. Breakage energy per unit volume (Eb) versus change in ﬁnes content
(ΔFC); results from 20 tests on Fraser River Sand.
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strate accordingly high Eb and show a good correlation with
the measured ﬁnes contents.
By the time breakage is mobilized (B40), friction ratio M
is fully mobilized (M ¼Mtc ¼ 1:45). The dilatancy will nearly
vanish in loose samples, and decrease rapidly towards the
critical state in dense samples. Thus, the increment in total
work becomes equal to the increment in breakage energy ( _Eb),
plus a volumetric term dominated by breakage (Np'_εpv ) and a
frictional term that is now proportional to the product of the
mean effective stress and the increment in shear strain
(Mtcp'j_εpqj). The ﬁrst two terms are functions of breakage,
while the third tracks with the increasing breakage as the
sample is further sheared. Hence, it is not a surprise that the
total work done on a sample may correlate well with the
amount of breakage under similar loading conditions (e.g.,
Miura and Ohara, 1979; Lade and Karimpour, 2010). Never-
theless, the total work done on a sample cannot be adopted as a
measure for breakage in a general sense.
4. Response to other comments
The authors agree with the comment made regarding the use
of test CID-M #3 600 for determining the critical state line due
to the possibility of additional particle breakage. The technical
paper explicitly addresses this point and explains how asubsequent test is performed to determine the new critical
state line after the breakage occurred in this test.5. Concluding remarks
The authors appreciate the comments made by the discussers
and believe that some of the comments stem from a mis-
understanding of the framework put forward in the paper. Use
of plastic work for quantifying breakage is a step in the right
direction, if the work done to create new surface in breakage is
adequately separated from that dissipated by friction and
dilatancy. It is important to distinguish between cause and
effect when using work in the breakage context. At the particle
level, and propagating into the soil mass, breakage occurs
under speciﬁc loading conditions. Plastic work is a product of
this process and can be used to detect and qualify breakage,
but it is still a load criterion (e.g., stress threshold) that
determines the occurrence and magnitude of breakage.References
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